Backpropagation

So gradient descent is kinda like hiking
down the SLOPES OF WRONG into the
VALLEY OF RIGHT?

Yup! Or at Lleast
into the “Valley of
Right Enough.”

Machine learning
is part data science
and statistics; there’s
a strong probabilistic
streak to it.

https://cloud.google.com/products/ai/ml-comic-1/
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Neural network

inputs

Individual
perceptrons/neuron
S




Neural network

some inputs are
Inputs provided/entered




Neural network

inputs

each perceptron computes
and calculates an answer




Neural network

inputs

those answers become inputs
for the next level




Neural network

inputs

finally get the answer after all
levels compute




A neuron/perceptron

Input x;

Weight w,

Weight w,

Input x
PUt %, p Outputy

activation function
Input X3 =~ weight w, -
in — Z W; T
Weight w, :

Input x,
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Activation functions

hard threshold:

(in) = 1 ifin > —b
JAE 0 otherwise

1
1+e™

sigmoid  g(x) =

tanh x
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Training

Input x;

Output = x; Xor X,

0o

Input x, ‘
X1 X5 Xy XOr X,

How do we learn the weights?

R —k O O
_ O k- O
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Learning in multilayer networks

Challenge: for multilayer networks, we don’t know what the
expected output/error is for the internal nodes!

how do we learn these weights?

W\ W, W/ W\ W,
W V\Q v expected output?
W
)
N

w

\%

perceptron/ neural network
linear model



Backpropagation: intuition

Gradient descent method for learning weights by
optimizing a loss function

1. calculate output of all nodes

2. calculate the weights for the output layer based on
the error

3. “backpropagate” errors through hidden layers



Backpropagation: intuition

¥\f/¥

\%

We can calculate the actual error here




Backpropagation: intuition

Key idea: propagate the error
back to this layer




Backpropagation: intuition

04

error

error for node is ~ w, * error



Backpropagation: intuition

Lia
vV

Calculate as normal, but weight the error



Backpropagation: the details

Gradient descent method for learning weights by optimizing a
loss function

1. calculate output of all nodes
2. calculate the updates directly for the output layer

3. “backpropagate” errors through hidden layers

]_ T L
Loss — 5 X;(.yi —4;)?  squared error
1
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Backpropagation: the details

Notation:

m: features/inputs

X4
d: hidden nodes

h,: output from
hidden nodes

How many weights (ignore bias for now)?



Backpropagation:

Notation:

X4

d weights: denote v,

the details

m: features/inputs
d: hidden nodes

h,: output from
hidden nodes



Backpropagation: the details

Notation:

m: features/inputs

d: hidden nodes

\/

h,: output from
hidden nodes

How many weights?



Backpropagation: the details

Notation:

m: features/inputs

d: hidden nodes

h,: output from
hidden nodes

d * m: denote w,; " w,;: weight from input 3 to hidden
node 2
first index = hidden node = w,: all the m weights associated with

second index = feature hidden node 4



Backpropagation: the details

Gradient descent method for learning weights by optimizing a
loss function

n

1 .12
arg min 2 Zl(yi — 9i)
(3

1. calculate output of all nodes

2. calculate the updates directly for the output layer

3. “backpropagate” errors through hidden layers
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Backpropagation: the details

1. Calculate outputs of all nodes

What are h, in terms of x and w?



Backpropagation: the details

1. Calculate outputs of all nodes

f is the activation function



Backpropagation: the details

1. Calculate outputs of all nodes

1

h. = flu.x) = _
llb f( IE'" } ]_—|—E_1L.||.'I

fis the activation function
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Backpropagation: the details

1. Calculate outputs of all nodes

What is out in terms of h and v?



Backpropagation: the details

1. Calculate outputs of all nodes
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Backpropagation: the details

2. Calculate new weights for output layer

1 T
d,rgmm 5 ;(y —

Want to take a small step towards decreasing loss


Lenovo
Stamp


Output layer weights

1 — D h, A

argmin = 3 (v — 4:) ut
=1
Vd
dL <~ d (1 )
YNy — h
doy Z duy (2“’“ ) ) ’
where:
A i 1
o §i=fv'hY) = —=5

« h'%: hidden layer output for example i

dL e

— = gy — %) R) .}

duy, (y y} f{ﬁ L} “ v'h—E v R
fz
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Output layer weights

dL
dor —~(y—9)- f'(v k)

h
v'h—Zwkhk !
k

hg

The actual update is a step towards decreasing loss:

v —vp+n-(y—9) - f(v' h)-hy

y is the true label.

G = f(v'h) = l+—1—"7 is the predicted output, passed through the sigmoid function.
e L 1

f'(v h) = §(1 — §) is the derivative of the sigmoid function.

hy. is the activation from the hidden layer.
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Output layer weights

v v +n-(y—4) - f'(v' h)-h

| J\ )
| | !

What are each of these?

Do they make sense individually?
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Output layer weights

vp — v+ (y—3) - f'(v h)-hy

l )\ )
| | I

how far from
correct and which

direction slope of the activation

function where input is
at

size and direction of the
feature associated with
this weight
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Output layer weights

1:;;{—uk+-r;-(y—ﬁ]-ff(vlh]-ka

| J\ )
| | !

/

how far from
correct and which
direction

Casel (y — %) > 0
ase 1: (y — 4) >

Case2: (y — ) < 0
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Output layer weights

v — v +1-(y—79) - f'(v'h)-hy h, ',
\ )\ L out
' ' ' ses é
Vg
hd
how far from
correct and which
direction
CHS_E 1: {y _ 3}] _:_3 () prediction < label: increase the weight
Case 2: {y o ﬂ) < 0 prediction > label: decrease the weight

bigger difference = bigger change
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Output layer weights

e v +n-(y—9) - f(v'h)- Ry

\

]| )

slope of the activation
function where input is
at

biggé

!

step

erstep

smaller Q»r//
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Output layer weights

vp v+ (y—9) - v h) - hy hy Vi
| \ L__J out
' ' see é

perceptron update:

. =Ww. +
W] W] X

i i

gradient descent update:

=W, T X,
W] W] X

Vi€

Y

size and direction of the
feature associated with
this weight
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Backpropagation: the details

Gradient descent method for learning weights by optimizing a
loss function

T

.1 . \D
arg min 5 Zl(yi — 4;)
i

1. calculate output of all nodes

2. calculate the updates directly for the output layer

3. “backpropagate” errors through hidden layers
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Backpropagation

3. “backpropagate” errors through hidden layers

Want to take a small step towards decreasing loss
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Hidden layer weights

1 e .. .
_1 (i) _ o(i))2
L 22 (¥ —3")

Where:

. ym is the true label for example 7
o 99 = fv- },ji]), the predicted output
. hE:J = o(wy, - m[i}), activation of hidden neuron k

* wy; is the weight from input neuron j to hidden neuron k

dL
d'w,kj

h Z [_(yi — @) f'(v-BY) v (w2 - -'L‘;{:)]

]
Where for each example i:
« §i= flv-h)
o h'% is the hidden layer activation for input z(

o f'is the sigmoid derivative: f'(z) = f(2)(1 — f(2)) Wy - T = Wil ;
E : % |
J

:B?} is the 7 input for example i
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Hidden layer weights

dl d 1 .
.

dwy. ;
dwkj kj

( y-flw- h))) y=f(vxh)

dwk]

dL
dwlkj

=3 |- ) £ hD) o fwn-2) )| wyw =3 wigey

| N T

weight from hidden slope of wx feature
layer to output layer
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Backpropagation

output layer hidden layer

—~(y— f(v-h))- f'(v-h) -k —(y— f(v-h))- fi(v-h)-vp- f(wp - 2) - 2

What's different?
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Backpropagation

output layer hidden layer
—(y— f(v-h) - f'(v-h)- h —(y — f(v-h))- f(v-h) v f(wg-z)-
error output input error  output
activation activatign input

slope slope

weight from hidden slope of wx
layer to output layer
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Backpropagation

output layer hidden layer
—(y— f(v-h))- f;{u - h) - hy, —(y — f(v-h))- f’[ﬂ ~h) - - f’(*w;; L x) -
error output input error output
activation activaffion input
slope

how much of the how much do
error came from this we need to
hidden node change
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Backpropgation generalization

output layer

vp=vp + (y — f(v-h)) - f'(v-h)-h

v =vr+hg-(y— f(v-h))- f(v-h)

4

v, =v.+hD,,
D =f'(v-h)(y-f(v-h)) modified error
derivative of error

input at node
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Backpropgation generalization

output layer hidden layer
v =vk+ (y— fv-h) - fl(v-h)- by wj = wij + (y — f(v-h)- f(v-h)- v - flwr-2) - @;
v = v+ hi - (y— f(v-h))- f’{tr - h) wpj = wi; + ;- fwg-z)-vp- f(v-h)-(y— flv-h)

4 4

v, =v, +hD Wy =Wy +x,D;

out

D =f'(v-h)(y-f(v-h)) D, =f"(w, - x)v f'(v-h)y - f(v-h))

Can we write this more succinctly?
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Backpropgation generalization

output layer hidden layer
vp = vp+ (y — f(v-h)) - f'(v-h)-h wij = wij + (y — fv-h)) - f'(v-h)-vp- f(wy - z) - a5
v = vk + hi - (y — f(ﬂ-h)]-f’{w-h) wyj = wij + zj - f(wg-x) v f(v-h)-(y— f(v-h))

4 4

v, =v, +hD Wy =Wy +x,D;

D =f'(v-h)(y-f(v-h)) D, =f"(w, - x)v f'(v-h)y - f(v-h))
:fl(wk °x)VkDout
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Backpropgation generalization

output layer hidden layer

v,=v,+hD wk].=w,g.+ijk

D, = (v-h)(y=f(v-h)) D, =/ W -x f'(v-h)y - f(v-h))
= fl(wk ' x)kaout

[N

weight to output layer ~modified error of
output layer

w=w+input*D

current

D = f"(current _input)w . D

current utput — output



Backprop on multilayer networks

Anything different here?

w - w + lnput * Dcurrent

—_ 1 .
Dcurrent - f (Cur ren t_ lnp ut) WoutputDoutput

— . +*
w=w+input*D .




Backprop on multilayer networks

W - w + input * Dcurrent
= f"(current _input)w . D

current utput — output

w=w+input ™D

output

What “errors” at the next layer does the
highlighted edge affect?



Backprop on multilayer networks

w=w+ lnput * Dcurrent
D...... =f (current _input)w, D

utput — output

— . +*
w=w+input*D .




Backprop on multilayer networks

W - W + input * Dcurrent
= f"(current _input)w . D

current utput — output

w=w+input ™D

output

What “errors” at the next layer does the
highlighted edge affect?



Backprop on multilayer networks

w=w+input*D,_, .
D...... =f (current _input)w, D

utput — output

— . +*
w=w+input*D .




Backprop on multilayer networks

—_ . *
w=w+ m{)ut Dcmem’
Dcurrent - f (CUI’ ren t_ll’lp ut)zwoutputDoutput

w=w+input*D__
= f"(current _input)w, D

current utput — output

— . +*
w=w+input*D .




Backprop on multilayer networks

w w+mput*D
=1 (current mput)Zw output

Backpropogation:

Calculate new weights and modjfied errors at output
layer

Recursively calculate new weights and modified errors on
hidden layers based on recursive relationship

Update model with new weights



Multiple output nodes

—_ . *
w=wti n'p ut Dcurrent.
Dcurrent - f (CMI/' rent _l I’lp ut )ZwoutputDoutput

w=Ww + lnput * Dcurrent
= f"(current _input)w D

current utput — output

— . *
w=w+input*D,, .

How does multiple outputs change things?



Multiple output nodes

—_ . *
w=wti n'p ut Dcurrent.
Dcurrent - f (CMI/' rent _l I’lp ut )ZwoutputDoutput

w=w+input*D__

D = f"(current _input)) w, . D

current utput — output

— . *
w=w+input*D,, .

How does multiple outputs change things?



Backpropagation implementation

Output layer update:
v = vk + hg - (y — f(v-h))- f'(v-h)

Hidden layer update:

wi; = wi; + ;- f(wg-z) v - f(v-h)-(y— f(v-h))

Any missing information for implementation?
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Backpropagation implementation

Output layer update:
vp =vp + he-(y— f(v-h))- f'(v-h)

Hidden layer update:

w; = wij + @ - f (we-z) v f(v-h)-(y— f(v-h))

1. What activation function are we using

2. What is the derivative of that activation function
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Activation function derivatives

sigmoid -
1 f

s(x)= | 03 |
() 1+e™” )/

$(3) = ()AL= 5(x) A
tanh
itanh(x) =1-tanh®x S
dx S/
4{:-/




Learning rate

Layer Weight Update Rule

Output Layer vp =tk +0-he - (y—15)- f(v-h)

Hidden Layer wgj = wgj + 12 f(we-x)-ve- flv-h)-(y—9)
Where:

¢ 17: learning rate
4 = f(v - h): model prediction
* f:sigmoid activation

e hji = f(wg - x): hidden unit activations
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Backpropagation implementation

Just like gradient descent!

for some number of iterations:

randomly shuffle training data
for each example:
Compute all outputs going forward

- Calculate new weights and modified errors at output layer

- Recursively calculate new weights and modified errors on
hidden layers based on recursive relationship

- Update model with new weights



Handling bias

How should we learn the bias?



Handling bias

1. Add an extra feature hard-wired to 1 to all the examples
2. For other layers, add an extra parameter whose input is
always 1



Online vs. batch learning

for some number of iterations:
randomly shuffle training data

for each example:
- Compute all outputs going forward
- Calculate new weights and modified errors at output layer
- Recursively calculate new weights and modified errors on hidden layers
based on recursive relationship
- Update model with new weights

Online learning: update weights after each example

Batch learning?



Batch learning

for some number of iterations:
randomly shuffle training data
initialize weight accumulators to 0 (one for each weight)

for each example:

- Compute all outputs going forward

- Calculate new weights and modified errors at output layer

- Recursively calculate new weights and modified errors on hidden
layers based on recursive relationship

- Add new weights to weight accumulators

Divide weight accumulators by number of examples
Update model weights by weight accumulators

Process all of the examples before updating the weights



Challenges of neural networks?

Picking network configuration

Can be slow to train for large networks and large amounts of
data

Loss functions (including squared error) are generally not
convex with respect to the parameter space



History of Neural Networks

McCulloch and Pitts (1943) — introduced model of
artificial neurons and suggested they could learn

Hebb (1949) — Simple updating rule for learning
Rosenblatt (1962) - the perceptron model

Minsky and Papert (1969) — wrote Perceptrons

Bryson and Ho (1969, but largely ignored until 1980s--

Rosenblatt) — invented backpropagation learning for
multilayer networks





